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1 Introduction
A tensor T of a type (1, 3) on a Riemannian manifoldM is called a curvature tensor if it satisfies
following properties;
• T (X1, X2) = −T (X2, X1)
1
• g(T (X1, X2)X3, X4) = −g(T (X1, X2)X4, X3)
• T (X1, X2)X3 + T (X2, X3)X1 + T (X3, X1)X2 = 0
for all X1, X2, X3, X4 ∈ Γ(TM). The Riemannian curvature tensor is a well known example.
Except for Riemannian curvature tensor, there are different kinds of curvature tensors. We examine
the Riemannian geometry of the manifolds by using some algebraic and differential properties of
these curvature tensors such as Weyl conformal curvature tensor , conharmonic curvature tensor
concircular curvature tensors etc. In 2011 Tripathi and Gupta [22] defined a new curvature tensor
which is called by T -curvature tensor as follows;
T (X1, X2)X3 = a0R(X1, X2)X3 + a1S(X2, X3)X1 + a2S(X1, X3)X2 (1)
+ a3S(X1, X2)X3 + a4g(X2, X3)QX1 + a5g(X1, X3)QX2
+ a6g(X1, X2)QX3 + a7r (g(X2, X3)X1 − g(X1, X3)X2)
where, a0, ..., a7 are some smooth functions on M , R, S,Q and r are the Riemannian curvature
tensor, the Ricci tensor, the Ricci operator of type (1, 1) and the scalar curvature, respectively. We
obtain different type of curvature tensors for the special values of a0, ..., a7 which we present the
next section. Thus, T -curvature tensor is a generalization of special curvature tensors.
Tripathi and Gupta [22] classify theK-contact and Sasakian manifolds under the some certain
conditions on T -curvature tensor. Also same authors worked on T -curvature tensor on semi-
Riemann manifolds 21. In 2012 Nagaraja and Somashekhara [14] obtained some results on (κ, µ)-
contact manifolds with T -curvature tensor. G. Ingalahalli andd Bagewadi studied on ϕ-symmetric
T - curvature tensor N(κ)−contact metric manifolds. Ravikumar et al. classified Lorentzian α-
Sasakian manifolds with T -curvature tensor. In 2019 Gupta studied on ϕ-T -Symmetric ǫ-Para
Sasakian manifolds. As can be seen from these studies, with T -curvature tensor we can classify
manifolds with special structures. A N(κ)-contact metric manifold is an almost contact manifold
with the distribution;
Np(κ) = {X3 ∈ Γ(TpM) : R(X1, X2)X3 = κ[g(X2, X3)X1 − g(X1, X3)X2]}
for all X1, X2 ∈ Γ(TM) [3]. In a N(κ)-contact metric manifold ξ belongs to Np(κ). A N(κ)-
contact metric manifold is Sasakian if κ = 1. The Riemannian geometry of N(κ)-contact metric
manifold have been studied by many researchers [1, 6–8, 11, 23, 27].
Motivated by all these work, we present a classification of N(κ)-contact metric manifolds
with using some special flatness conditions on T -curvature tensor. We consider T -flat, quasi-
T -flat, ξ−T -flat and ϕ−T -flat N(κ)-contact metric manifolds. Also, we examine the conditions
T (ξ,X).R = 0 and T (ξ,X).S = 0 for the Riemannian curvature tensor R and Ricci curvature
tensor S. Thus, we obtain a classification of N(κ)-contact metric manifolds with special values of
a0, ..., a7.
2
2 Preliminaries
Let M be a (2n + 1)−dimensional smooth manifold. For a (1, 1) tensor field φ, a vector field ξ
and a 1− form η onM , (φ, ξ, η) is called an almost contact structure onM if we have
φ2X = X − η(X)ξ , φ(ξ) = 0, η ◦ φ = 0 , η(ξ) = 1.
The kernel of η defines a non-integrable distribution on M and the distribution is called by
contact distribution. The rank of φ is 2m. The Riemannian metric g is called associated metric
if g(φX1, φX2) = −g(X1, X2) + η(X1)η(X2) and it is called compatible metric if dη(X1, X2) =
g(φX1, X2) for allX1, X2 ∈ Γ(TM). The manifoldM is called by almost contact metric manifold
with the structure (φ, ξ, η) and associated metric g.
If characteristic vector field ξ is Killing vector field then M is called K−contact. That is in
a K−contact manifold h = 0. An almost contact metric manifoldM is said to be normal if φ is
integrable. Also when the contact manifold is normal h = 0 . If the second fundamental form Ω
of an almost contact metric manifold M is Ω(X1, X2) = g(φX1, X2) and M is normal then M
is called Sasakian. A Sasakian manifold is a K−contact manifold, but the converse holds only if
dimM (2n+1) = 3.
The curvature relations on a N(κ)-contact metric manifold are given by
R(X1, ξ)ξ = κ[X1 − η(X1)ξ]
R(X1, X2)ξ = κ [η(X2)X1 − η(X1)X2] ,
R(X1, ξ)X2 = −κ [g(X1, X2)ξ − η(X2)X1] .
where R is the Riemannian curvature tensor ofM which is defined by
R(X1, X2)X3 = ∇X1∇X2X3 −∇X2∇X1X3 −∇[X1,X2]X3
for all X1, X2, X3 ∈ Γ(TM). Also the Ricci curvature S and scalar curvature ofM is given by;
S(X1, X2) = 2(n− 1)g(X1, X2) + 2(n− 1)g(hX1, X2) (2)
+ [2nκ− 2(n− 1)] η(X1)η(X2)
S(X1, ξ) = 2κnη(X1), S(ξ, ξ) = 2κn (3)
τ = 2n(2n− 2 + κ)
for all X1, X2 ∈ Γ(TM) [3]. We will use the following basic equalities from Riemann geometry;
2n∑
i=1
g(ei, ei) =
2n∑
i=1
g(ϕei, ϕei) = 2n, (4)
2n∑
i=1
g(ei, X3)S(X2, ei) =
2n∑
i=1
g(ϕei, X3)S(X2, ϕei) = S(X2, X3)− S(X2, ξ)η(X3), (5)
2n∑
i=1
g(ei, X3)S(X2, ei) =
2n∑
i=1
g(ϕei, ϕX3)S(X2, ϕei) = S(X2, ϕX3), . (6)
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Definition 1. An almost contact metric manifoldM is said to be η−Einstein manifold if the Ricci
tensor satisfies
S(X1, X2) = b1g(X1, X2) + b2η(X1)η(X2),
where b1,b2 are smooth funcstion on the manifold.
In partıcular, if b2 = 0, then M becomes an Einstein manifold. Thus, η−Einstein manifolds
are natural generalization of Einstein manifolds.
In [2], Blair et al. showed that (κ, µ)−nullity distribution is invariant under
κ¯ =
κ+ a2 − 1
a
, µ¯ =
µ+ 2c− 2
a
. (7)
In [4] Boeckx introduced the number IM =
1−µ
2√
1−k for non-Sasakian (k, µ)-contact manifold. This
number is called by Boeckx invariant. There are two classes in the classification of non-Sasakian
(κ, µ)−spaces. The first class is a manifold with constant sectional curvature c. In this case
κ = c(2 − c) and µ = −2c and by this we get an example of N(κ)-contact metric manifold. The
second class is on 3−dimensional Lie groups. Boeckx proved that two Boeckx invariant of two
non-Sasakian (κ, µ)−space are equal if and only if this manifolds are locally isometric as contact
metric manifolds. Blair, Kim and Tripathi [3] gave following example of N(κ)-contact metric
manifolds by using the Boeckx invariant for the first class.
Example 1. The Boeckx invariant for a N(1 − 1
n
, 0)-manifold is
√
n > −1. By consider the
tangent sphere bundle of an (n+1)-dimensional manifold of constant curvature c, as the resulting
D-homothetic deformation is κ = c(2− c), µ = −2c and from ( 7 ) we get
c =
(
√
n± 1)2
n− 1 , a = 1 + c.
and taking c and a to be these values we obtainN(1 − 1
n
)-contact metric manifold.
For the T -curvature tensor is defined as in (1), we have
T (X1, X2, X3, X4) = a0R(X1, X2, X3, X4) + a1S(X2, X3)g(X1, X4) (8)
+ a2S(X1, X3)g(X2, X4) + a3S(X1, X2)g(X3, X4)
+ a4g(X2, X3)S(X1, X4) + a5g(X1, X3)S(X2, X4)
+ a6S(X3, X4)g(X1, X2)
+ a7r(g(X2, X3)g(X1, X4)− g(X1, X3)g(X2, X4)).
where T (X1, X2, X3, X4) = g(T (X1, X2)X3, X4) and with the special values of coefficients
ai, 1 ≤ i ≤ 7 the T -curvature tensor is reduced to quasi-conformal, conformal, conharmonic,
concircular, pseudo-projective, projective, M-projective, Wi-curvature tensors (i = 0, ..., 9) Wj-
curvature tensors (j = 0, 1)quasi-conformal, conformal, conharmonic, concircular, pseudo-projective,
projective, M-projective, Wi-curvature tensors (i = 0, ..., 9) Wj-curvature tensors (j = 0, 1) as
follow:
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T -curvature tensor ai coefficients
quasi-conformal curvature tensor C∗ [25] a1 = −a2 = a4 = −a5, a3 = a6 = 0, a7 = − 12n+1 ( a02n + 2a1)
conformal curvature tensor C [12] a0 = 1, a1 = −a2 = a4 = −a5 = − 12n−1 , a3 = a6 = 0, a7 = 12n(2n−1)
conharmonic curvature tensor L [12] a0 = 1, a1 = −a2 = a4 = −a5 = − 12n−1 , a3 = a6 = 0, a7 = 0
concircular curvature tensor V [25] a0 = 1, a1 = a2 = a3 = a4 = a5 = a6 = 0, a7 = − 12n(2n+1)
pseudo-projective curvature tensor P∗ [18] a1 = −a2, a3 = a4 = a5 = a6 = 0, a7 = − 12n+1 ( a02n + a1)
projective curvature tensor P [26] a0 = 1, a1 = −a2 = − 12n , a3 = a4 = a5 = a6 = a7 = 0
M−projective curvature tensor [?] a0 = 1, a1 = −a2 = a4 = −a5 = − 14n , a3 = a6 = a7 = 0
W0−projective curvature tensor [?] a0 = 1, a1 = −a5 = − 12n , a2 = a3 = a4 = a6 = a7 = 0
W ⋆0−projective curvature tensor [?] a0 = 1, a1 = −a5 = − 12n , a2 = a3 = a4 = a6 = a7 = 0
W1−projective curvature tensor [?] a0 = 1, a1 = −a2 = 12n , a3 = a4 = a5 = a6 = a7 = 0
W ⋆1−projective curvature tensor [?] a0 = 1, a1 = −a2 = −12n , a3 = a4 = a5 = a6 = a7 = 0
W2−projective curvature tensor [15] a0 = 1, a4 = −a5 = −12n , a1 = a2 = a3 = a6 = a7 = 0
W3−projective curvature tensor [?] a0 = 1, a2 = −a4 = −12n , a1 = a3 = a5 = a6 = a7 = 0
W4−projective curvature tensor [?] a0 = 1, a5 = −a6 = 12n , a1 = a2 = a3 = a4 = a7 =
W5−projective curvature tensor [17] a0 = 1, a2 = −a5 = −12n , a1 = a3 = a4 = a6 = a7 = 0
W6−projective curvature tensor [17] a0 = 1, a1 = −a6 = −12n , a2 = a3 = a4 = a5 = a7 = 0
W7−projective curvature tensor [17] a0 = 1, a1 = −a4 = −12n , a2 = a3 = a5 = a6 = a7 = 0
W8−projective curvature tensor [17] a0 = 1, a1 = −a3 = −12n , a2 = a4 = a5 = a6 = a7 = 0
W9−projective curvature tensor [17] a0 = 1, a3 = −a4 = −12n , a1 = a2 = a5 = a6 = a7 = 0
Table 1: Determination of T -curvature tensor with special values of ai
3 T -flatness on N(κ)-contact metric manifolds
A flat manifold has vanishing Riemannian curvature tensor and also it is locally isometric to Eu-
clidean space. Similarly, the vanishing of curvature tensors like conformal, concircular, conhar-
monic, etc. has many geometric interpretations. Also, the flatness of curvature tensors could be
generalized by the flatness of T -tensor. In this section we considerN(κ)- contact metric manifolds
under the many flatness conditions of T -tensor.
Definition 2. A N(k) contact metric manifold M is said to be
1. T -flat if T (X1, X2)X3 = 0,
2. ξ − T -flat if T (X1, X2)ξ = 0,
3. quasi T -flat if g(T (ϕX1, X2)X3, ϕX4) = 0
4. ϕ− T -flat if g(T (ϕX1, ϕX2)ϕX3, ϕX4) = 0
for every X1, X2, X3, X4 ∈ Γ(TM).
Proposition 1. LetM a T -flat N(κ)-contact metric manifold. Then we have
a1(2n− 2 + κ) + (a0 + a2 + a3 + (2n+ 1)a4 + a5 + a6)κ+ (2n(2n− 2 + κ))a7 = 0.
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N(κ)-contact metric manifold κ
g(C⋆(X1, X2)X3, X4) = 0 n−1n
g(C(X1, X2)X3, X4) = 0 a real number
g(L(X1, X2)X3, X4) = 0 2− 2n
g(V(X1, X2)X3, X4) = 0 n−1n
g(P⋆(X1, X2)X3, X4) = 0 n−1n
g(P(X1, ϕX2)X3, X4) = 0 n−1n
g(M(X1, X2)X3, X4) = 0 n−1n
g(W0(X1, X2)X3, X4) = 0 n−1n
g(W⋆0 (X1, X2)X3, X4) = 0 1−nn
g(W1(X1, X2)X3, X4) = 0 1−nn
g(W⋆1 (X1, X2)X3, X4) = 0 n−1n
g(W2(X1, X2)X3, X4) = 0 a real number
g(W3(X1, X2)X3, X4) = 0 0
g(W4(X1, X2)X3, X4) = 0 0
g(W5(X1, X2)X3, X4) = 0 0
g(W6(X1, X2)X3, X4) = 0 n−1n
g(W7(X1, X2)X3, X4) = 0 n−12n
g(W8(X1, X2)X3, X4) = 0 n−1n
g(W9(X1, X2)X3, X4) = 0 a real number
Table 2: Classification of T -flat N(κ)-contact metric manifold with special values of ai
Proof. Suppose thatM is a T -flat N(κ)-contact metric manifold. Then we have
0 = a0S(X1, X4) + a1rg(X1, X4) + a2S(X1, X4) + a3S(X1, X4)
+ a4(2n+ 1)S(X1, X4) + a5S(X1, X4) + a6S(X1, X4) + 2na7rg(X1, X4).
By puttingX1 = X4 = ξ in last equation, we get
a1(2n− 2 + κ) + (a0 + a2 + a3 + (2n+ 1)a4 + a5 + a6)κ+ (2n(2n− 2 + κ))a7 = 0.
Thus, we get following;
Theorem 1. Let M be T -flat N(κ)-contact metric manifold. Then, we have the classification in
Table 2.
Corollary 1. LetM be a N(κ)-contact metric manifold.
1. IfM is C∗−flat, V−flat, P∗−flat,P−flat,M−flat,W0−flat,W⋆1−flat,W6−flat andW8−flat
then it is locally isometric to Example 1.
2. IfM isW3−flat,W4−flat orW5−flat then it is locally isometric to E(n+1) × Sn(4).
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Theorem 2. AN(κ)-contact metric manifold is quasi−T -flat ifC1 = a0+2na1+a2+a3+a5+a6 6=
0. Then we have
S =
A1
C1
g +
B1
C1
η ⊗ η,
where
A1 = a0κ+ a4(2nκ− r) + a7r(1− 2n)
and
B1 = −a0κ+ 2nκ(a2 + a3 + a5 + a6)− a7r
ThereforeM is an η−Einstein manifold. Consequently, we have the classification in Table 3.
N(κ)−contact manifold η − Einstein/
Einstein
S =
g(C⋆(ϕX1,X2)X3, ϕX4) = 0 η−Einstein (
(2n−1)(κ+2n−2)(4a1n+a0)
2n+1 + 2κa1n− 2a1n(κ+ 2n− 2) + κ
2a1(n− 1) + 1 )g
+ (
κ
(−8a1n2 − 2n+ a0 − 1)+ 2(n− 1)(4a1n+ a0)
(2n+ 1)(2a1(n− 1) + 1) )η ⊗ η
g(C(ϕX1,X2)X3, ϕX4) = 0 η−Einstein (2n− 2)g + 2(nκ− n+ 1)η ⊗ η
g(L(ϕX1,X2)X3, ϕX4) = 0 η−Einstein (κ(2n − 1) + 4(n − 1)n)g + (2nκ+ κ)η ⊗ η
g(V(ϕX1,X2)X3, ϕX4) = 0 η−Einstein (2n(2n−3+2κ)+22n+1 )g + (2n−2nκ−22n+1 )η ⊗ η
g(P⋆(ϕX1,X2)X3, ϕX4) = 0 η−Einstein (
(2n−1)(κ+2n−2)(2a1n+a0)
2n+1 + κa0
a1(2n − 1) + a0 )g+
(−2((κ − 1)n+ 1)(2a1n+ a0)
(2n + 1)(a1(2n − 1) + a0) )η ⊗ η
g(P(ϕX1,X2)X3, ϕX4) = 0 Einstein (2nκ)g
g(M(ϕX1,X2)X3, ϕX4) = 0 Einstein (2n(κ+n−1)n+1 )g
g(W0(ϕX1,X2)X3, ϕX4) = 0 Einstein (2nκ)g
g(W⋆0 (ϕX1,X2)X3, ϕX4) = 0 η−Einstein ( 2nκ4n−1)g + ( 4nκ1−4n)η ⊗ η
g(W1(ϕX1,X2)X3, ϕX4) = 0 η− Einstein ( 2nκ4n−1)g + ( 4nκ1−4n)η ⊗ η
g(W⋆1 (ϕX1,X2)X3, ϕX4) = 0 Einstein (2nκ)g
g(W2(ϕX1,X2)X3, ϕX4) = 0 Einstein (2n(2n−2+κ)2n+1 )g
g(W3(ϕX1,X2)X3, ϕX4) = 0 η−Einstein (2n(2−2n+κ)2n−1 )g + (−4nκ2n−1 )η ⊗ η
g(W4(ϕX1,X2)X3, ϕX4) = 0 η−Einstein (κ)g + (−κ)η ⊗ η
g(W5(ϕX1,X2)X3, ϕX4) = 0 η−Einstein (κ)g + (−κ)η ⊗ η
g(W6(ϕX1,X2)X3, ϕX4) = 0 Einstein (2nκ)g
g(W8(ϕX1,X2)X3, ϕX4) = 0 Einstein (2nκ)g
g(W9(ϕX1,X2)X3, ϕX4) = 0 Einstein (2n(κ+2n−2)2n+1 )g
Table 3: Classification of quasi-T -flat N(κ)-contact metric manifold with special values of ai
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Proof. LetM be a quasi-T -flat N(κ)-contact metric manifold. Then, we have
0 = a0R(ϕX1, X2, X3, ϕX4)
+ a1S(X2, X3)g(ϕX1, ϕX4) + a2S(ϕX1, X3)g(X2, ϕX4) (9)
+ a3S(ϕX1, X2)g(X3, ϕX4) + a4g(X2, X3)S(ϕX1, ϕX4)
+ a5g(ϕX1, X3)S(X2, ϕX4) + a6g(ϕX1, X2)S(X3, ϕX4)
+ a7r(g(X2, X3)g(ϕX1, ϕX4)− g(ϕX1, X3)g(X2, ϕX4)).
For a {e1, e2, ..., e2n, ξ} is a local orthonormal basis of TM and from (9), we get
0 = a0
2n∑
i=1
R(ϕei, X2, X3, ϕei)
+
2n∑
i=1
[a1S(X2, X3)g(ϕei, ϕei) + a2S(ϕei, X3)g(X2, ϕei)
+ a3S(ϕei, X2)g(X3, ϕei) + a4g(X2, X3)S(ϕei, ϕei)
+ a5g(ϕei, X3)S(X2, ϕei) + a6g(ϕei, X2)S(X3, ϕei)
+ a7r(g(X2, X3)g(ϕei, ϕei)− g(ϕei, X3)g(X2, ϕei))].
Thus, with using (4), (5) and (6), we obtain
0 = a0 (S(X2, X3)− κg(ϕX2, ϕX3)) + 2na1S(X2, X3) + a2 (S(X2, X3)− η(X2)S(X3, ξ))
+ a3 (S(X2, X3)− η(X3)S(X2, ξ)) + a4 ((r − 2nκ)g(X2, X3))
+ a5 (S(X2, X3)− η(X3)S(X2, ξ)) + a6 (S(X2, X3)− η(X2)S(X3, ξ))
+ a7r(2ng(X2, X3)− g(ϕX2, ϕX3)].
Finally, we get
[a0 + 2na1 + a2 + a3 + a5 + a6]S(X2, X3) = [a0κ+ a4(2nκ− r) + a7r(1− 2n)] g(X2, X3)+
[−a0κ+ 2nκ(a2 + a3 + a5 + a6)− a7r] η(X2)η(X3)
which completes the proof.
Corollary 2. If a N(κ)-contact metric manifold satisfies g(W0(ϕX1, X2)X3, ϕX4) = 0, then it is
Ricci flat.
Theorem 3. AN(κ)-contact metric manifold isϕ−T −flat ifC2 = a0+2na1+a2+a3+a5+a6 6= 0.
Then we have
S =
A2
C2
g + (2nκ− A2
C2
)η ⊗ η,
where
A2 = a0κ+ a4(2nκ− r) + a7r(1− 2n)
ThereforeM is an η−Einstein manifold. Consequently, we have the classification in Table 4.
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N(κ)−contact manifold η − Einstein/
Einstein
S =
g(C⋆(ϕX1, ϕX2)ϕX3, ϕX4) = 0 η−Einstein ( (2n − 1)(κ + 2n − 2)(4a1n+ a0) + (2n + 1)(κ − 4a1nκ(n − 1))
(2n + 1)2a1(n− 1) + 1
)g+
(2nκ − (
(2n−1)(κ+2n−2)(4a1n+a0)
2n+1
+ 2κa1n− 2a1n(κ + 2n − 2) + κ
2a1(n − 1) + 1
))η ⊗ η
g(C(ϕX1, ϕX2)ϕX3, ϕX4) = 0 η−Einstein (2n− 2)g + (2nκ− 2n+ 2)η ⊗ η
g(L(ϕX1, ϕX2)ϕX3, ϕX4) = 0 η−Einstein ((2n − 1)κ+ 4n(n− 1)) g+
(κ− 4n(n − 1)) η ⊗ η
g(V(ϕX1, ϕX2)ϕX3, ϕX4) = 0 η−Einstein (2n(2n − 3 + 2κ) + 2
2n+ 1
)g+
(2nκ− (2n(2n − 3 + 2κ) + 2
2n+ 1
))η ⊗ η
g(P⋆(ϕX1, ϕX2)ϕX3, ϕX4) = 0 η−Einstein (
(2n−1)(κ+2n−2)(2a1n+a0)
2n+1 + κa0
a1(2n− 1) + a0 )g+
(2nκ− (
(2n−1)(κ+2n−2)(2a1n+a0)
2n+1 + κa0
a1(2n − 1) + a0 )η ⊗ η
g(P(ϕX1, ϕX2)ϕX3, ϕX4) = 0 Einstein 2nκg
g(M(ϕX1, ϕX2)ϕX3, ϕX4) = 0 η−Einstein
(
2n(κ+n−1)
n+1
)
g +
(
2n(nκ−n+1)
n+1
)
η ⊗ η
g(W0(ϕX1, ϕX2)ϕX3, ϕX4) = 0 Einstein 2nκg
g(W⋆0 (ϕX1, ϕX2)ϕX3, ϕX4) = 0 η−Einstein
(
2nκ
4n−1
)
g +
(
8n2κ−4nκ
4n−1
)
η ⊗ η
g(W1(ϕX1, ϕX2)ϕX3, ϕX4) = 0 Einstein ( 2nκ4n−1)g +
(
8n2κ−4nκ
4n−1
)
η ⊗ η
g(W⋆1 (ϕX1, ϕX2)ϕX3, ϕX4) = 0 Einstein 2nκg
g(W2(ϕX1, ϕX2)ϕX3, ϕX4) = 0 η−Einstein
(
2n(2n−2+κ)
2n+1
)
g +
(
4n(nκ−n+1)
2n+1
)
η ⊗ η
g(W3(ϕX1, ϕX2)ϕX3, ϕX4) = 0 η−Einstein
(
2n(κ−2n+2)
2n−1
)
g +
(
2n(2nκ−κ+2n−3)
2n−1
)
η ⊗ η
g(W4(ϕX1, ϕX2)ϕX3, ϕX4) = 0 η−Einstein κg + κ(2n − 1)η ⊗ η
g(W5(ϕX1, ϕX2)ϕX3, ϕX4) = 0 η−Einstein κg + κ(2n − 1)η ⊗ η
g(W6(ϕX1, ϕX2)ϕX3, ϕX4) = 0 Einstein 2nκg
g(W8(ϕX1, ϕX2)ϕX3, ϕX4) = 0 Einstein 2nκg
g(W9(ϕX1, ϕX2)ϕX3, ϕX4) = 0 η−Einstein
(
2n(2n−2+κ)
2n+1
)
g +
(
4n(nκ−n+1)
2n+1
)
η ⊗ η
Table 4: Classification of ϕ− T −flat N(κ)-contact metric manifold with special values of ai
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Proof. LetM be a ϕ− T −flat N(κ)-contact metric manifold. Then, we have
0 = a0R(ϕX1, ϕX2, ϕX3, ϕX4) + a1S(ϕX2, ϕX3)g(ϕX1, ϕX4)
+ a2S(ϕX1, ϕX3)g(ϕX2, ϕX4) + a3S(ϕX1, ϕX2)g(ϕX3, ϕX4)
+ a4g(ϕX2, ϕX3)S(ϕX1, ϕX4) + a5g(ϕX1, ϕX3)S(ϕX2, ϕX4)
+ a6g(ϕX1, ϕX2)S(ϕX3, ϕX4)
+ a7r(g(ϕX2, ϕX3)g(ϕX1, ϕX4)− g(ϕX1, ϕX3)g(ϕX2, ϕX4)).
for all X1, X2, 3, X4 ∈ Γ(TM). For {e1, e2, ..., e2n, ξ} local orthonormal basis of TM , from (9)
we get
0 = a0
2n∑
i=1
R(ϕei, ϕX2, ϕX3, ϕei)
+
2n∑
i=1
[a1S(ϕX2, ϕX3)g(ϕei, ϕei) + a2S(ϕei, ϕX3)g(ϕX2, ϕei)
+ a3S(ϕei, ϕX2)g(X3, ϕei) + a4g(ϕX2, ϕX3)S(ϕei, ϕei)
+ a5g(ϕei, ϕX3)S(ϕX2, ϕei) + a6g(ϕei, ϕX2)S(ϕX3, ϕei)
+ a7r(g(ϕX2, ϕX3)g(ϕei, ϕei)− g(ϕei, ϕX3)g(ϕX2, ϕei))].
Thus, from (4), (5) and (6), we have
0 = a0 (S(ϕX2, ϕX3)− κg(ϕX2, ϕX3)) + 2na1S(ϕX2, ϕX3) + a2S(ϕX2, ϕX3)
+ a3S(ϕX2, ϕX3) + a4 ((r − 2nκ)g(ϕX2, ϕX3)) + a5S(ϕX2, ϕX3) + a6S(ϕX2, ϕX3)
+ a7r(2n− 1)g(ϕX2, ϕX3).
and finally, we get
[a0 + 2na1 + a2 + a3 + a5 + a6]S(ϕX2, ϕX3) = [a0κ + a4(2nκ− r) + a7r(1− 2n)] g(ϕX2, ϕX3)
By takigX2 = ϕX2, X3 = ϕX3 in last equation we complete the proof.
Theorem 4. A N(κ)-contact metric manifold is ξ − T − flat if a4 6= 0. Then we have
S =
(−A3
a4
)
g +
(−B3
a4
)
η ⊗ η,
where
A3 = a0κ + 2nκa1 + 2n(2n− 2 + κ)a7
and
B3 = −a0κ+ 2nκ(a2 + a3 + a5 + a6)− 2n(2n− 2 + κ)a7
ThereforeM is an η−Einstein manifold. Consequently, we have the classification in Table 5.
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N(κ)−contact manifold η − Einstein/
Einstein
S =
ξ−quasi-conformally flat η−Einstein

−−
2n(κ+2n−2)(−2a1− a02n)
2n+1 − 4κa1n− κa0
a1

 g+
(
2((κ− 1)n+ 1)(4a1n+ a0)
2a1n+ a1
)
η ⊗ η
ξ−conformally flat η−Einstein (2n− 2) g+
2 (nκ− n+ 1) η ⊗ η
ξ−conharmonically flat η−Einstein −κg + (2nκ + κ) η ⊗ η
ξ −M−projectively flat Einstein 2nκg
ξ −W2 flat Einstein 2nκg
ξ −W3 flat Einstein −2nκg + 4nκη ⊗ η
ξ −W7 flat η−Einstein 2nκη ⊗ η
ξ −W9 flat Einstein 2nκg
Table 5: Classification of ϕ− T −flat N(κ)-contact metric manifold with special values of ai
Proof. Let take X2 = X3 = ξ in (1), we have
T (X1, ξ, ξ, X4) = a0κ(g(X1, X4)− η(X1)η(X4)) + a12nκg(X1, X4) + a22nκη(X1)η(X4)
+ a32nκη(X1)η(X4) + a4S(X1, X4) + a52nκη(X1)η(X4)
+ a62nκη(X1)η(X4) + a7r(g(X1, X4)− η(X1)η(X4)).
IfM is ξ − T − flat, we obtain
−a4S(X1, X4) = [a0κ + a12nκ + 2n(2n− 2 + κ)a7] g(X1, X4)
+ [−a0κ+ (a2 + a3 + a5 + a6)2nκ− 2n(2n− 2 + κ)a7] η(X1)η(X4).
Thus we complete the proof.
4 T -symmetry conditions on N(κ)-contact metric manifolds
A Riemann manifold is called locally symmetric if R.R = 0, where . denotes a derivative opera-
tions on Riemannian curvature tensor R. Similarly one can define symmetry conditions for special
curvature tensors such as conformal, concircular, conharmonic, etc. In this section, we consider
T -curvature tensor for N(κ)- contact metric manifolds with some symmetry conditions.
For two (1, 3)−type tensors P1,P2 we have
(P1(X1, X2).P2)(X3, X4)X5 = P1(X1, X2)P2(X3, X4)X5 − P2(P1(X1, X2)X3, X4)X5(10)
−P2(X3,P1(X1, X2)X4)X5 −P2(X3, X4)P1(X1, X2)X5
and for (0, 2)−type tensor ρ we have
(P1(X1, X2).ρ)(X3, X4) = ρ(P1(X1, X2)X3, X4) + ρ(X3,P1(X1, X2)X4). (11)
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N(κ)−contact manifold η−Einstein/ Einstein S =
P⋆(ξ,X1).R = 0 Einstein 2nκg
W1(ξ,X1).R = 0 Einstein 2nκg
W⋆1 (ξ,X1).R = 0 Einstein 2nκg
W2(ξ,X1).R = 0 Einstein 2nκg
W4(ξ,X1).R = 0 η−Einstein 2nκη ⊗ η
W5(ξ,X1).R = 0 Einstein 2nκg
W6(ξ,X1).R = 0 η−Einstein 2nκη ⊗ η
W7(ξ,X1).R = 0 Einstein 2nκg
W8(ξ,X1).R = 0 η−Einstein 2nκη ⊗ η
Table 6: Classification of N(κ)-contact metric manifold satisfying T (ξ,X1).R = 0 with special
values of ai
Theorem 5. Let M be a (2n + 1)-dimensional N(κ) contact manifold satisfying T (ξ,X1).R =
0for all vector fields X1 on M . Then S =
A
C
g + B
C
η ⊗ η if C = a1 + a5 6= 0, where A =
−2nκ(a2+a4),B = 2nκ(a1+a2+a4+a5). ThereforeM is an η−Einstein manifold. Consequently,
we have the classification in Table 6.
Proof. From (10) we get
T (ξ,X1).R = T (ξ,X1).R(X2, X3)X4 − R(T (ξ,X1)X2, X3)X4 (12)
−R(X2, T (ξ,X1)X3)X4 − R(X1, X2)T (ξ,X1)X4.
By taking the inner product with ξ and then puttingX2 = X4 = ξ in (12) from (5), we have
2κη(X3)η(T (ξ,X1))ξ − κη(T (ξ,X1)X3)− κg(X3, T (ξ,X1))ξ) = 0.
Thus, we obtain
[a1 + a5]S(X1, X3) = 2nκ [a2 + a4] g(X2, X3) + 2nκ [a1 + a2 + a4 + a5] η(X2)η(X3)
which gives the proof.
Theorem 6. LetM be a (2n + 1)-dimensional N(k) contact manifold satisfying T (ξ,X1).S = 0
and C5 = −a1 − a5 6= 0. If ξ is Killing vector field then we have
S(X1, X2) =
A5
C5
g(X1, X2) +
B5
C5
η(X1)η(X2)
where
A5 = (2nκ− 2n+ 2)(a0κ+ a7r) + 4nκ(n− 1)a2 + 4n2κ2a4
and
B5 = (2n−2nκ−2)(a0κ+a7r)+4n2κ2(a1+2a2+2a3+a4+2a5+2a6)−4nκ(n−1)(a2+a5).
Consequently, we have the classification in Table 7.
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N(k)−contact manifold η − Einstein
Einstein
S =
P⋆(ξ,X1).S = 0 η−Einstein ( 2((κ − 1)n+ 1)(κ(a0 − 1) + 2(n − 1)(2n + a0))
2a1n+ a1
+ 4κ(n− 1)n)g
+(
2((κ − 1)n+ 1)(2κa1n(2n+ 1)− κa0 + κ− 2(n− 1)(2n+ a0))
2a1n+ a1
)η ⊗ η
P(ξ,X1).S = 0 Einstein (4n2κ2)g
W1(ξ,X1).S = 0 η−Einstein (4nκ(−nκ+ 2n− 2))g + (8nκ(−n+ 1 + nκ))η ⊗ η
W⋆1 (ξ,X1).S = 0 Einstein (4n2κ2)g
W2(ξ,X1).S = 0 η−Einstein 4κn(n− 1)g
W4(ξ,X1).S = 0 η−Einstein 4κn(n− nκ− 1)g + (4n2κ2)η ⊗ η
W5(ξ,X1).S = 0 η−Einstein −4κn(2 + n(κ− 2))g − 4κn(n − nκ− 1)η ⊗ η
W6(ξ,X1).S = 0 η−Einstein −4κn(n− nκ− 1) g + 4κn(n − 1)η ⊗ η
W7(ξ,X1).S = 0 η−Einstein 4κn(1 + n(2κ− 1))g + 4κn(n− nκ− 1)η ⊗ η
W8(ξ,X1).S = 0 η−Einstein 4κn(1 + n(κ− 1)g + 4κn(n − 1)η ⊗ η
Table 7: Classification of N(κ)-contact metric manifold satisfying T (ξ,X1).S = 0 with special
values of ai
Proof. From (11), we get
S(T (ξ,X1)X2, X3) + S(X2, T (ξ,X1)X3) = 0. (13)
PuttingX3 = ξ in (13), we have
0 = 2nκ[(a0κ+ a7r)(g(X1, X2)− η(X2)η(X1)) + a1S(X1, X2)+
2nκ(a2 + a3 + a5 + a6)η(X2)η(X1) + a42nκg(X1, X2)]+ (14)
2(n− 1)[(a0κ+ a7r)(η(X2)η(X1)− g(X1, X2)) + a22nκg(X1, X2)+
a5S(X1, X2) + 2nκ(a1 + a3 + a4 + a6)η(X2)η(X1)]+
2(n− 1) [−(a0κ+ a7r)g(X1, hX2) + a22nκg(X1, hX2) + a5S(X1, hX2)] +
2(nκ− (n− 1))η(X2) [2nκη(X1)(a1 + a2 + a3 + a4 + a5 + a6)]
If h = 0 in (14),i.e ξ is Killing vector field, The proof is completed.
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